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Abstract-The problem of a thin layer delaminating from a contracting cylindrical substrate is
considered. An analytical solution is obtained along with associated conditions for growth of the
delamination. and specific numerical results corresponding to layers at both the interior and exterior
surfaces of the substrate are presented.

INTRODUCTION

A mechanism of degradation associated with layered structures is the phenomenon of
debonding of adjacent layers known as "delamination". Delaminatiolts can occur in slruc
tures constructed from layered materials such as "Advanced Composites". or may occur
at the surface of a structure possessing a thin film coating. Such delaminations can occur
during fabrication or as a consequence of low-velocity impact[l. 2]. When a strlll.:ture
containing delaminations is subjected to load. the layers adjacent to the delamination can
buckle locally causing the dehonded area to grow. Such delamination growth may have
dramatic effects on the integrity of the corresponding structure. or cause !laking of a thin
film coating thus reducing its effectiveness.

To date. several authors have examined various aspects of this prohlem[ 1·20) wilh the
majorily of papers being concerned with delamination associated with (initially) l1at layers.
Kachanov[41. however. considered the problem of a thin layer debonding from the interior
surface of a cylindrical substrate which is subjected to external pressure and obtained
hounds which correspond to a "critical stress" for initiation.

In the present work the problem corresponding to growth of a pre-existing delami
nation at the interface of a thin layer and a contracting cylindrical substrate is considered.
The problem is approached as a moving boundary problem in the calculus of variations by
employing the principle of stationary potential energy in conjunction with a Grillith type
energy balance. A shallow arch theory is used as the mathematical model for the layer while
the behavior of the substrate is assumed to be effectively unaltered by the presence of the
layer and hence is modeled as a "rigid" but contracting '·foundation". An analytical solution
along with an associated growth criterion is found. Specific numerical results are obtained
for both the case of a layer delaminating from the exterior surface of the substrate as well
as for that of a layer debonding from the corresponding interior surface. These results
reveal several characteristic features associated with the phenomena of interest and arc seen
in some cases to differ qualitatively from. and in others to be qualitatively similar to
corresponding results obtained for flat layers.

FORMULATION OF TilE PROBLEM

Consider the thin elastic film or layer adhered to the wall of a smooth circular cavity
contained within a "rigid" but contracting "substrate" as shown in Fig. I. The film is
initially debonded from the substrate over a small portion of its surfacc and is shown in a
buckled configuration. As the dcflection of thc cavity wall will be considcrcd prescribed and
uniform. we shall dividc thc film into three regions. The first. which shall be referred to as
thc '"lift zonc" or "lift region" of the film shall be defined over the domain 9- I. corresponding

t Portions of this investigation were conducted while the author held a Rutgers Junior Faculty Summer
Fellowship awarded by the Rutgers Research Council.
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Fig. I. Thin la~w ddaminating from thc' intcrlllr surfacc (If a cylindrical sunslralc: (I) "lift zonc··.
(2) "cpnlad lllnc". U)"nondcd wnc".

to 0 ~ () ~ I~ where () is the angular coordinate measured clockwise from the vertical. It
corresponds to the portion of the dehonded segment of the film whieh is lifted away from
the suhstrate. The second region of the layer will he referred to as the "contact zone" or
"contact region" and corresponds to the portion of the debonded segment of the lilm in
contact with the substrate. [t is defined over the domain ~" corresponding to IP ~ () ~ Ip·.
The final region or the (ihn corresponds to the bonded portion of the [ilm and is defined on
the domain './ I which corresponds to 1/). ~ () ~ Jr. Due to the symmetry of the problem we
need only consider the half of the strueture defined on [0, n:1.

We shall approach the problem in the spirit of Boltega[7) and Boltega and Maewal[X
10] as a moving intermediate boundary problem in the calculus of variations with the
intermediate boundary 1/) between the lift and contact zones and the intermediate boundary
Ip· defining the size of the delamination being sought as part of the solution. The governing
difli:n:ntial equations, associated boundary and interface conditions and traversality con
ditions resulting from the two moving intermediate boundaries are found by incorporating
a Grillith type fracture criterion at the delamination edge and applying the theorem of
stationary potential energy. The transversality condition at the delamination edge, 0 = Ip·,
yields a growth criterion governing the delamination while that at the "lift zone"/'"contact
zone" interface, () = Ip, establishes the conditions defining the lift zone. We shall assume
that unbonded and debonded surfaces are smooth. The substrate will be assumed to be
extremely "still"" relative to the layer, hence the behavior of the substrate will be considered
to be ell'ectively unaltered by the presence of the layer. The contribution of the substrate to
the energy release rate during growth of the delamination will therefore be neglected (sec,
e.g. Ref. [II D, thus allowing the problem to be formulated in terms of the energies associated
with the debonding layer alone.

Let us begin by formulating the energy functional, n, as follows:

n = I U("+A+J"r
/·-1

( I )

where Li"' corresponds to the normalized strain energy of the segment of the layer defined
on 'J" A is a constraint functional restricting the radial deflections on !Y 2, and Irr is the
normalized "fracture l'11l2rgy"'.

Within the context of the present formulation, the normalized strain energy of the
segment of the layer defined on ')'" U"1, will be composed of two parts U~) and u~i such
that
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VI/I = V~l+ V~~
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where Va) which corresponds to the normalized bending energy and U~ which corresponds
to the normalized membrane energy are given by

and

Vm = _I i';'~' N~ dO
M..,C '_ ",~Il

(3a)

(3b)

t/J~n = 0, t/J~n = ¢ (4a.b)

'/J~~) ::; ¢, t/J~~) = (p* (4c, d)

t/J~) ::; (p*, t/J~) = It (4e, f)

and C = 12/1I~ is the normalized membrane stiffness of the layer while 11« I is the nor
malized thickness of the layer, In eqns (3a) and (3b) 1\, corresponds to the normalizcd
"rdativc curvaturc" of thc laycr on :Y i (the di/Terence between the present curvature of the
layer and the curvature of the layer in its undeformed configuration assumed cqual to that
of the initial curvature of the cavity wall) and N, corresponds to the normalized resultant
membrane force on !)Ii' These quantities, which arc variable on :..; 1+ IJ ~ and "pn:scribed"
on 'J" arc given by

and

(i= 1,1) (Sa)

N, = - ql/; - 1\', + ~ 1\'; ~I (i=1,2) (5b)

and

N} == Po::; elfl)

(5c)

(5d)

respectively, where we have employed the shallow arch equations of EI-Bayoumy[111 which
assume that \1'(1« l. In eqns (Sa) and (5b), tI, (positive) clockwise and 11", (positive inward)
correspond to the normalized circumferential and radial deformations, respectively, of a
material particle located On the centerline of the segment oflilm on ::1'" while 11'0 corresponds
to the normalized dellt.'Ction of the cavity wall, and a superposed prime denotes differ
entiation with respect to 0 [i.e, ( r == d( )/dO]. All deformations arc normalized with respect
to the initial radius of the cavity wall.

The constraint functional, A, which restricts the radial deflections of the segment of
the layer in 9'~, is defined by

(6)

where A is a Lagrange multiplier. while the nomlalized "fracture energy", t'F' is given by
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(7)

where y is the normalized surface energy of the bond. a property of the layer material and
substrate material. as well as the bond. and 4>~ defines the initial size of the delamination.

For the problem at hand. the principle of stationary potential energy may be stated as

JO =0 (8)

where b corresponds to the variational operator and 0 corresponds to the energy functional
given by eqn (I).

Substitution of eqns (2)-(7) into (8) and taking into account the moving intermediate
boundaries at 0 = 4> and 4>* (see. e.g. Gelfand and Fomin[22j) yields the governing ditrcr
ential equations

K;' +K;+(N,II";)' +N, = PI}
OE!/j

N;=O

and

11'2 = 11"0.

where

the boundary and matching conditions

(i = 1.2)
(9)

( I ())

(II)

( 12)

(IJa c)

(I..fa c)

( l..fd)

(15a c)

and the transversality conditions at 0 = (p and 4>* resulting from the vanishing orcodlkicnts
of ()(p and ()(P*. respel.:tivcly. in eqn (8). These conditions are given by

+.,IC,(N~-Nn+Nl(U'I+II';2)-N2(li'2+1I';2)J =0 (16)
- 11"'*'4'

and

( 17)

From the form of eqns (9) it is npparent that P2 may be identified as the contal.:t
pressure p. from which we have that
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P2 == P == A.,

If we next integrate eqn (10) and impose eqn (14d) we find that

N 1 = N2 = No =constant

17

( 18)

(19)

where No is still to be detennined. Taking eqns (18) and (19) into account, the governing
differential equations reduce to

and

(i = I. 2) (20a. b)

(20c)

where the operator !i' is defined by

(21 )

'lnd (~i corrcsponds to Kronecker's delta. The associated boundary and matching conditions
may be reduced to

wi'(O) == w'(O) == 0 (22••• b)

(23••. b)

(24a,b)

with eqns (13c), (14e), (15e), and (20), combined to eliminate til and U2 and form .to

cquivalent expression in terms of the functions WI and W2 as follows:

(25)

The transversality conditions given by eqns (16) and (17) may similarly be reduced to the
following forms:

..nd

w'j(tfJ) = w'i(tfJ) == 0

(tfJ < tfJ*)

(26)

(27a)

(tfJ == tfJ*)· (27b)

Equations (26) and (27) define conditions for the values of the "lift zone"j"contaet zone"
interface tfJ. and the delamination boundary tfJ*, respectively, such that each (tfJ, tfJ*) pair
corresponds to a state of equilibrium. As discussed below, each of the above conditions
may be interpreted as an energy balance at the point in question.
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The first transversality condition (26) is seen to specify that the location of the "lift
zone"/"contact zone" interface. 1>. which corresponds to an equilibrium configuration is
one for which the bending moment is continuous across the interface.

The second transversality condition (27) states that the delamination size is such that
the relative stretching energy at the delamination edge is balanced by the bond energy if
the "lift zone" has not propagated throughout the delamination (cP < cP*). or that the sum
of the relative bending and relative stretching energies at the delamination boundary are
balanced by the bond energy if the "lift zone" traverses the entire delamination. Equations
(27) define the "delamination growth path" for the layer/substrate system. The following
growth criterion is suggested by (27).

If

I
'I: - (V 1»~1 ~,..
/.1.1 =:!C l~n- n 0"",1';', ~-j

or

(28a-i)

no growth occurs with (p* remaining at its initial valuc (M.
If

(28a-ii)

USh-i)

or

(2Xh-ii)

growth occurs until (p* satisfies eqns (27). Thc relative strctching energy in eqn (27a) and
the sum of the relative bending and streh:hing energies in eqn (27b) correspond to the
energy release rates during growth of the delamination. We thus see that the growth of the
delamination is governed by either mode I I fracture or a combination of mode I and mode
II fracture. We may also note that. within the context of the present model, growth docs
not occur unless local buckling of the layer occurs.

The system of ditferential equations, cqns (20), along with conditions (22) (27), con
stitute a multiple moving boundary problem for the dellections If1(0), thc membrane
forcc N". the "intcrface anglc" (P. ~lI1d thc ddamination boundary 4'·. The corresponding
analytical solution will bc presented in the nt:xt st:ction.

ANALYTICAL SOLUTION

We shall now obtain the analytical solution corrt:sponding to thc problem formulatt:d
in thc previous scction. Thc solution shall corrcspond to two phascs, the first being when
the "lift zonc" is smallt:r than or just equal to thc size of the ddamination with growth
governed by eqns (28a-i) and (28b-i). The second phast: is such that thc "lift zonc" traverst:s
the cntire delamination «p = cP*) and growth is govcrned by cqns (28a-ii) and (28b-ii). The
phase corresponding to (p < (p* shall bc considered first.

Equation (20a) can bc solvcd for II'J(O) to yidd

(29)

where
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[
COS 'XO, COS o/'XJ

tan ¢!'X --A. - r tan'X¢ ¢
COS :%'1' COS !'X

F(0: 'X, ¢) == ,-
[tan ¢!'X - 'X. tan !l¢]
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(30)

(31 )

which when substituted into eqns (26) and (27) give the explicit forms of the transversality
conditions. We thus have that

and either

(32)

or

I ,
--(N -Cw )" = 2')2C 0 0 I

(33a)

(33b)

As sccn by cqn (20\:), thc radial dcllc\:tion of thc laycr in thc "contact zonc" :JI! is
cqual to that of thc slIhstrate wall, and when suhstitllted into (20b) gives

I' = i. = 11'0 + No

Suhstitution of cqn (29) into cqn (25) givcs thc rcquired condition

where

a tan! 4J/a ,
Z('X,¢) = --,-----.,--[:x(P-cos:x4J Sin cup]

2D· COS" !l¢

a l tan1 !l4J+ - -,---,---[(4J/:x)-cos 4Jj:x sin 4J/:x]
2D· cos· ¢/!l

2!l1 tan a4J tan 4J/a 2
- ---- ---,-_.- [tan !l¢-!l tan A./!l] (35b)

(:x~-I) D- 'I'

and

D = tan 4J/CI.-a 1 tan a¢. (35c)

Equation (34) may be solved for 11'0 explicitly, upon expanding and neglecting terms of
O(I\'~) comparcd with those of 0(11'0)' We then have
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Equations (32). (33a). and (34) constitute a system ofcoupled non-linear algebraic equations
which may. in principle. be solved simultaneously to yield NI). cjJ. and cjJ* as a function of
11"1) for given values of C and I'.

Once the lift zone completely envelops the debonded segment of the layer. conditions
(32) and (33a) are replaced by eqn (33b) (a condition is removed since it is established that
cjJ = cjJ*) as lifting may continue without cjJ increasing. Equations (33b) and (34) may be
solved simultaneously to give NI) and cjJ* as a function of 11'0 for given values of the
normalized membrane stiffness C and normalized bond energy,',

NUMERICAL RESULTS

We shall next present results corresponding to small contractions of the substrate
boundary (i,e. 11'1)« I) for the specific problem where C = 2 X 10'. The results will be given
for the case of a layer delaminating from the exterior surface of a cylindrical substrate as
well as for the case ofa layer delaminating from the interior surface ofa cylindrical substrate
(or equivalently from the wall of a cylindrical cavity), The latter will be considered first.

Interior layer
I\s seen from eqns (27) and (:2~). growth of the delamination is dependent upon the

relative stretching energy at the delamination edge. ~fj." until the lift zone just reaches the
delamination boundary. I\rter this occurs. growth of the delamination is governed by the
sum of the relative stretching and relative bending energies at the delamination tip. ~fjn'

We shall first consider the case where (p ~ (p* . I\s described above. substitution of
eqn (.'4') into eqn (33a) in conjunction with eqn (:\2) results in a non-linear algebraic
equation in 1. (P. and r/J*. from which an infinite number of roots. Ct. may be found for each
combination of (p and (p*. We shall seek the lowest value of Ct (i.e. the value of Ct associated
with the "first buckling mode") for whieh the "relative crown point deflection".
1\1) == 11'(0) - 11"1). is positive, The latter may be found by evaluating eqn (29) at () = 0 and
then subtracting the substrate wall deflection. 11'1). which may be obtained from eqn (34')
for the specific (Ct, (/1, (/1*) combination.

The roots. Ct, of the aforementioned non-linear algebraic eq uation arc found for specilic
delamination boundary angles. </1*, for desired "lift zone"/"contact zone" interface angles.
(P ~ (f>* ", by first iterating on Ct and finding intervals upon which the left-hand side of the
equation changes sign and then by employing the bisection technique (interval halving),
The resulting cavity wall contractions, w o, and "relative crown point deflections", i\(J' arc
then found as discussed earlier, and the energy release rates, ~I}a' arc subsequently evaluated,
The computed values of ~I}a arc displayed in Fig. :2 as a function of \I'll for various values of
the delamination boundary angle (/1*,

Each point lying on a curve displayed in Fig. :2 corresponds to a specific value of r/J.
with (/1 increasing as we traverse the curve in a clockwise fashion. the curve terminating at
the point which corresponds to </1 = </1*. We note here that as </1 -+ O. 11'0 increases. thus
prohibiting the curve from intersecting \1'0 = 0, These "leftward progressing" portions of
each curve correspond to unstable values of the "interface angle"t and would likely bend
toward the origin in the presence ofgeometrical imperfections.t We shall therefore consider
only the "rightward progressing" (i.e. "upper") portions of these curves, Though the precise
points at which these curves are intersected as 11'0 increases are unknown. we shall assume.
for later discussions. that such intersection points are near the leftmost portion of the curve.
i.e, the point corresponding to the minimum value of 11'0 on that curve, With this assumption
we see that "small" delaminations effectively "exist" only with (/J = cjJ*.

Upon further observation of Fig. 2. we note that for a given value of ~t;•• WI) decreases
as (/J* increases with the corresponding points getting closer and closer as we increase cjJ*.

t Sec, e,g. Ref. 1211, where the spcdal case of a completely debonded layer was considered.
: Sec. e.g. Ref. [23J.
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Fig. 2. Relatiw strctching cncrgy at dclamination cdgc vs substrate wall contraction for various
delamination sizcs: (I) /fl. -= 0.062. (2) /fl. '" 0.074. (3) /fl. '" 0.10. (4) /fl. -= 0.15. (5) <fl. -= 0.20. (6)
,p" '" U.3U. (7) ,p" = 0.60. Thc "lift 'I.Onc"l"contact zonc" interfacc anglc '" ~,p" incrcases along

cach path as the path is travcrscd in a clockwise fashion (C = 2.0 x 10·).
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This implies that for a given value 01'':9'•• Wo decreases approaching an asymptotic value as
I"· in~reases. As lower values of Wo correspond to lower values of the energy of the layer,
for ;\ given mode. the above, along with eqns (28a-i) and (28b-i). imply that when growth
occurs. (and lIJ ~ lIJ· -) it is extensive. Lastly, it is seen from Fig. 2 that for a given
delamination size, lIJ·, the maximum relative stretching energy at the delamination tip
occurs when the lift zone spans the entire delamination. In other words. for a given lIJ·,
~I}. = 'Ii.

m
.. when lIJ = (p. -. These values arc plotted as a function ofdclamin<ltion angle and

arc presented in Fig. 3. From the growth criterion (28) it is seen that the curve displayed
in Fig. 3 defines the "boundary" separating the "regions" where "5. govcrns initial delami
nation growth (below the curve) from the regions where "5b initially governs delamination
growth (above the curve). In addition, we notc from Fig. 3 that the curve is monotonically
increasing from which it may be inferred that in a general sense, 'Ii. governs the growth of
"large" delaminations while <'fJb governs the growth of "small" delaminations.

Once the "lift zone" spreads through the entire span of the delamination, the curvature
of the layer is no longer restricted at any point to be that of the substrate wall. For this



W. J BoTTIGA

0.2 0.4 qt'

Fig. 3. Variation of ma xi 111 lllll relative stretdllng l'lIergy with delalmnation Sl/e (e = 2.0 x 10').
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Fig. 4. Ddamin;llion growth paths corresponding to a thin layer adhered to the intcriur sllrfacc of
sllhstrate when thc "lift zonc" spans the cntirc delamination (i.e. whcn '/> = tI)·). and C = 2.0 x 10'.

case "lib governs growth and solution (29) together with the associated transversality con
dition (33b). corresponding to the case where (p = (p., now holds. In this regard. upon
substitution of eqn (34'), eqn (33b) may be solved numerically for given values of { and C.
in the manner described above. to yield the lowest admissible :x > 0 for each c/J•. The
corresponding values of 11'0' subsequently obtained from eqn (J·n. may be plotted vs (p. to
yield the "delamination growth paths" associated with a given bond strength, 2{. Four such
"paths", corresponding to the cases " = I, 10. 50 and 100. are shown in Fig. 4. The dashed
curve in the figure corresponds to the value of 1\'0 at each (p. such that ~fi" = ~lJm .... We note
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that the curves appear asymptotic as 4>* increases, indicating that if a substrate deflection
greater than a certain value is achieved before growth begins. growth will be unstable and
e\tensive (catastrophic) once it does begin. Such phenomena is dependent upon the initial
delamination size. and occurs when 4>~ $ 0.050 for 'I = 10. 4>~ $ 0.030 for 'I = 50 and when
4>~ $ 0.027 for 'I = 100. Growth is seen to be catastrophic for all values of4>~corresponding
to " = I. We also note the existence of a critical delamination size. 4>* = 4>:, corresponding
to the "minimum" on each "path", Such a point separates the occurrence of "stable growth"
corresponding to an incremental increase in delamination size with an incremental increase
of Il'u when 4>* > 4>:. from the occurrence of "unstable growth" when 4>* < 4>: where the
delamination size increases a finite amount with an incremental increase in 11'0 and is then
fol1l1wed by stable growth. Such values of 4>* are bounded by the catastrophic regions
defined above before growth begins. Once growth begins. the corresponding path is
followed. For the cases considered we see that 4>: ~ 0.070 for y = 10.4>: :::: 0.046 for y = 50.
and cPt .~ 0.038 for 'I = 100. Let us consider the following specific examples. Suppose first
that a ddaminationof angle 4>* = 0.30 exists at a layer/substrate interface with bond
strength 2,' = 20 (as before. C = 2 X 106

). We note from Fig. 3 that ~a = 20 lies below the
curve and hence that ~a governs growth for this case. If the cylinder is subsequently
contracted. 11'11 increases and eventually intersects the path in Fig, 2 corresponding to
Ip· =0.30. As 11'0 is further increased 4> increases (recall that </J increases as we progress
dllckwisc along the corresponding paths in Fig. 2) until wo::'::; 0.46 x 10 - I at which point
~/;" ;= 2,'. From the above discussion we SI.'C that at this point delamination growth occurs
in an unstable and catastrophic manner.

Lel tiS next consider a delamination of initial size fPr. = 0.1 for bond strengths 01'2'1 = 2
and 100. We see from Fig. 3 that ~lJh governs growth for both cases and we see from Fig. 2
that for a hond strength of 2,' = 2. 4' =4'* almost immedi;'ltely after the curve is intersected
corresponding to a value of 11'1) ::.::; O.OOIX5. For this same bond strength. it is seen from Fig.
4 that catastrophic growth hegins when \I'" is increased slightly to a value of Wo ::.::; 0.00205.
For a bond strength of2}' ::: 100. however. it is seen that no growth occurs until w" :.:::: 0.0097
with subsequent increases in 11'11 resulting in stable growth of the delamination. Finally, let
us l:onsider a delamination of initial size fP~ = 0.062 at .to interface with bond strength
2i' ::=; 20. We note from I,'ig. 3 that ~lJh governs growth, It is seen from Fig. 4 that as 11'0 is
increased. no growth occurs until Ii'" :.:::: 0.00435 at which time the delamination grows in
an unstable manner until it reaches a size of 11>* ::.::; 0.09. Further increases in 1V1I result in a
stahle spreading of the delamination until fl>* grows to a value of approximately 0.228 at
which point 'lJ.t governs once again and catastrophic growth occurs,

In general then. we see that. as discussed earlier. delamination growth of an interior
layer may oceur when fl> < If>* (via "mode II fracturc") and that when such growth occurs
it occurs in an "unstable" and "catastrophic" manner. We also see that r/> may progress
with increasing 11'0 unaccompanicd by delamination growth until If> = 4>*. If this occurs.
gnm th may ol.:l.:ur via a combination of"mode I" and "mode II" fracture and may progress
in a "stable" manner, in un "unstable" manncr, or in an "unstablc" and "catastrophic"
manner.

EXlt:rior layt:r
Wc next consider results corresponding to a layer which is delaminating from the

cxterior surface of a cylindrical substrate. For this problem the layer buckles away from
the contracting substrate as shown in Fig. 5 with no contact with the substrate except, of
course. at </J = r/>*. Solution (29) with transversality condition (33b) is therefore applicable
if we consider solutions such that the "relative crown point deflection" is negative, and
interpret all quantities as being normalized with respect to the exterior radius of the
substrate. Proceeding as for the previous case we obtain the growth paths corresponding
to the lowest value of IX. for each r/>*, such that 61) < O.

The growth paths corresponding to C = 2 x lOb and "I = I, 10.50, and 100 are displayed
in Fig. 6. It is seen that each path contains a minimum with the corresponding value of 4>*
specifying a critical dclamination size which separates delamination sizes that grow in a
stahle manner from those which grow in an unstable manner. It is also seen that each path
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Fig. 5. Thin layer delaminating from the exterior surface of a cylindrical substrate.
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Fi~. 6. Delamination gruwth paths corresponding to a thin layer adhered to thc cxtcrior surfa..:c of
a cylindrical substrate (C = 2.0 x 10·).

tends to an asymptote indicating the possibility of "catastrophic growth". As the left-hand
portions of the growth paths increase with decreasing 4>* we note the existence of a
second "critical delamination size" such that delaminations smaller than this size grow
catastrophically once growth begins. Finally we note, upon observing each path in Fig. 6,
that as the bond energy decreases. the "stable well" of the path widens and its depth
decreases indicating a tendency toward more extensive unstable growth and catastrophic
behavior with decreasing bond energy. For the specific delamination growth paths shown,
we sec that unstable growth occurs, followed by stable growth, for dclaminations which
arc such that 4>* ~ 0.032 for 'I = 100, 4>* ~ 0.038 for 'I = 50. 4>* ~ 0.051 for}' = 10, and
cP* ~ 0.067 for { = I, while catastrophic growth occurs for those same values of the bond
energy, when cP* ~ o.on. 0.025, 0.034. and 0.044. respectively.
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As an example let us consider the case of an initial delamination, of size 4>; = 0.030,
exists at the interface between an exterior layer and a cylindrical substrate where the
normalized energy of the bond is given by 2')1 = I()() (y = 50). As the cylinder contracts. no
growth occurs until "'0 ~ 0.00885. The delamination then grows in an unstable manner
until 4>. ~ 0.054. Further increases in the substrate wall deflection result in stable growth
of the delamination as we follow the rising portion of the growth path shown. Ifwe consider
a delamination of initial size 4>; = 0.022, no growth occurs until the cylinder wall contracts
to \1'0 ~ 0.01275 at which time growth occurs catastrophically. Finally, if we consider a
delamination of initial size 4>; = 0.060 we observe that as we contract the cylinder, no
growth occurs until 11'0 ~ 0.009 at which time growth begins with the delamination size
increasing in a stable manner as the cylinder wall is further contracted.

To conclude then, we see that delamination growth at the interface of layers bonded to
the exterior surface of the substrate occurs via a combination of "Mode I" and "Mode II"
fracture. with the qualitative features of the growth behavior more closely resembling those
for flat layers than do those of the interior layers (see, e.g. Refs [6,8]).

CONCLUDING REMARKS

The problem of a thin layer delaminating from a contracting cylindrical substrate was
considered for the case where the equilibrium of [he substrate is effectively unaltered by the
behavior of the surface layer. The problem was formulated as a moving boundary problem
in the calculus of variations where the "moving boundaries" corresponding to thc "lift
zone"j"contact zonc" interface, and the delamination edge, were parameterized by their
corresponding angles. while a shallow arch theory was employed as the mathematical model
for the layer. The "strength" of the bond was characterized by the surface energy of the
bond. a property of the layer/substrate/bond system.

The resulting transversality conditions were seen to specify the criteria for the "inter
face" and "delamination angles" to correspond to a state of equilibrium. It was shown that
the lin zone/contact zone interl~lce anglc must be such that the bending moment is con
tinuous at that point. The criteria governing delamination growth resulted from the employ
ment of a Griflith type criterion in the energy functional, from which it followed that if a
portion of the delaminated segment of the layer considered is in contact with the substrate.
the corresponding growth of the delamination is governed by the "relative stretching
energy" at the delamination edge. with the associated delamination angle corresponding to
a state of equilibrium being such that the aforementioned energy is balanced by the energy
of the bond. It was also found that if the "life zone" traverses the entire delamination prior
to the onset of growth, then the growth of the delamination is governed by the sum of the
"relative stretching" and "relative bending energies" at the delamination edge. with the
value of the delamination angle which corresponds to a state of equilibrium defined in a
manner analogous to that for the previous case.

Numerical results corresponding to specific values of the normalized layer thickness
and bond energy were obtained for both the case of a layer delaminating from the exterior
surl~lce of the substrate and the case of a layer delaminating from the interior surface of
the substrate. Growth behavior predicted at the interface between an exterior layer and the
substrate was seen to qualitatively resemble that predicted by Chai et (//.[6] for the analogous
problem of a nat layer on a substrate, while growth behavior at the interface between
an interior layer and the substrate was seen to be substantially more complicated. This
"complication" is seen to be due to the existence. and size change. of the "contact zone"
arising from the non-vanishing curvature of the substrate. Delamination growth predicted
for both exterior and interior interfaces was seen to occur in either a stable manner. an
unstable manner followed by a stable manner, or in a catastrophic manner. It was observed.
however. that predicted growth at the interior interface exhibited a greater tendency toward
catastrophic growth.
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